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Introduction

Numerical values of certain elementary functions (e.g.
exp(x), sin(x),cos(x),1n(x))are made available to digital
computer users by means of programmed subroutines. The tendency
will be To extend this list of "elementary" functions, and
considerable interest therefore attaches to general and efficient
methods for computing numerical values to great accuracy of the

nigher functions of Mathematical Physics.One such method is the
application of the converging factor.

The Converging Factor

The converging factor is an important numerical device for
hastening the convergence of slowly convergent series and
increasing the accuracy obtainable by use of an asymptotic
series. If the series is

SNu’o'F Ya + Yo+ . (1)
and the partial remainder Rn is
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the converging factorQ}s defined by

F{h::L&hC:h (3)

The converging factor is most efficiently used, in the case of
mosSt applications to asymptotic series, with that value of n
which corresponds to the term of smallest modulus in the series
(1).

Miller [j] has given a method for developing the converging
factor Cn elther as series of the form
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or as a series of the form
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f2r the cases in which either the function S satisfies a linear
differsntial equation in z or the terms w, satisfy a lin
difference equation in r, He illustrated his method by cobtaining
converging factors for asymptotic series associated with the
Weber parabolic cylinder functions.

In the paper referred to, real values only of the argument
are considered. Here the computations are extended into the
complex domain. Secondly a convenient recursive technique for
ontaining the coefficients in the series for the converging
factor i1s described.

weber functions

The series which is to be studied is
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i+t formally satisfies the differential equation
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Two linearly independent situations of equation (8) are

\ A (0"; "‘;Z.) and

5,,_ (a32) = S, ("’"0’5 z). (9

The terms w, of the series (6) satisfy the recursion
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We wish to determine that value n of r for which EL£HQ
is a minimum. From (10) this is seen to occur when

nx’ 2 (a+ Zn- % Xo+2n-7, ) (1)

where

L =Xe (12

independent of n in (11), and obtain

x* 2 2n+ ) (14)

where

A =2 (1) (15)

or
2.
Qnmxm)“k - (16)
where k is real and may always be chosen so that
A ke,

The integer n having been determined, we define the
remainder term Rn and converging factor R: by
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We shall obtain a series development of the form
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oug s Tirst using the fact that ‘ satisfies a
uifferential equation in z and secondly the faet that F“
satisfies a recursion in n.

Differential Equation
The converging factor satisfies the differential equation

2 * (\ 4 (’; -+ 2 O. -+ 4" n + 4 ) d, r b (Q, + 2?\ + 4/2 Xo,, nu zn e 3/ .* m
dz*

+ 2nz? (r‘ 4) 0. (21)

This may quite crudely be verified by substituting the
series

in (21). A constructive derivation, based on an idea which is
clearly capable of general application to the construction of
converging factors,; has been given by Miller. He writes

«méfiz m@anva%h
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and further

but

Removingun and its derivatives from (27) by way of (24) and
(25)9 we arrive at (21).

In This section we shall suppose that a and n are fixed,

SO that z and k vary together. We have from equations (12)
and (16)

<in::=<3}eckxfa CZﬂuijtzacik:,

By means of equations (12),(16) and (28) we may remove n from
equation (21) and transform the result into a differential

equation with k as the independent variable. We obtain, after
some rearrangement

x* {4 r” 2 @HZ) ~+ @)4—4) - ¢

(30}
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and dashes denote differentiation with respect to k.

From (20) and (28) we have successively

Substituting the series (20) (31) and (32) in (29) and
equating to zero the coefficients of the successive powers of
X we obtain a recursion system between the functions ﬁ,. Ck)
We have, 1in succession,

< Apy -2 (4020 + (PP =24 s
* 4‘/3/:' -2 ($+ 2)[34, +(+1) ﬁ/g = 4 C?.k-!—) “2)/3"

*“21{f#“ca“%Zk:“4$<>Y+k$ibﬁ£""AP<j~+kiwb

(34)

and
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Inspection of equations (33%(34) and (35) reveals that

they are formally satisfied by polynomials of the form
e
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We wish, however, to devise some recursive process for
determing the coefficients 1S o In principle This can be
done since, knowing o C k) and C k) 3 ﬂp (k) may be derived @
equation (35). Let us examine how this muwy be accomplished in
detail. Substituting polynomial expressions of the form (36)

in (35) we obtain, after some rearrangement
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Equating to zero the coefficients of k in the order
S=r,r-1,..., O, we obtain

Pi”,h = {,2@)"'2> Pﬂ-’iﬂ‘“/l “4?"’29”“2}/(@4):' (42)
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Thus, if equations (37),(38) and (42)-46) are used in that
order the coefficients Ppg (r=0,1,...35=0,1,...,r) may always
be expressed in terms of quantities which have previously been
derived.

It will be observed, however, that equations (42)-(46)
differ from one another according as to whether certaln powers
of k do or do not exist in the various sums in (41). This fact
may also be expressed by the use of conditional statements, and
thus an expression for Pp,s which 1s generally true for r ; 2
may be constructed. The special forms for Pg, and P4, » P4,
may also be incorporated in this expression, and thus we have

+ P s>0 [ew 2@)“'2) mej S—4
+ t? s<r then 2 i>\ (@4) -2Qr=-1)¢ --4r~} Fh_,,)s




This definition is uniformly wvalid for rmosﬁ,,na and
Smrarmﬂ,ooosoa Its derivation does not, of course, represent
an attempt at elegance for its own sake. It will be realised
that there is considerab.4e duplication in formulae (42)-(46),
so that if we were to write down the formulae for P'")s in some
algorithmic language for a digital computer based on formulae
(42)-(46), we would in effect be wasting a large number of
instructions in needless repetion. Use of formula (47) avoids
this at the cost of a few conditional statements, which (in
comparison with the complexity of the formulae used) is
negligible |
Difference Equations

we have

. N
Knoq— Rn=€1) @n- (58)

In the notation of equation 8}

and since

R = E1Y ke

(49)

we have

U~ f:\md + U\-h‘:t = Ui (50)
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or, using (10)

Lz’ ( j:.q ~ /D + (a~+— 2n-32 Xa+2n- V. 2)[4: =0 (51)

‘'n this section we shall suppose that a and x are fixed, sO
rnat when n decreases to n-1,k becomes k+2; thus if

(52)

E: /l \J W + /8 (k+2)+ ﬁ.__z_?_r ¢ - (53)
- A
/A 2 ’1.22 27X
In equation (51) we write X d) for ‘2’2, substitute for 2n
tn terms of x and k, and insert the series (52) and (53),

By equating to zero the coefflicients of the successlive powers
of ¥ in (54) we shall again obtain a system of recursions
between the functionsﬁw(k) r=0,15.... - We have:

14; (kj = 24); (55)
2. =2 {(b (A+k) ﬁock*?) + (O Qk)ﬂo(k)

- 29 OH»‘Q}, (56) ‘
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Before proceeding further we introduce factorial functions
of the form

(%)
L< - k(k-—’Z) oo(k-2s42) (58)
These quilte clearly satisfy a recursion of the form
S+1) S
7 _(e-29) K€ (59)
2 2

and thus

L( k:GQ::L:<$+f1FiZS‘CC$’
2 2 p

(60)

Furthermore (s)

k* ‘g -k ECS{-‘)-L Psk ‘g_
. (sS4 2{ ()
- lgcshﬂ_y. (4s+2) k< 4 [C(,, (61)

If the difference and displacement opefators A and E

are defined by e 2
éﬂ(k)a g(k+2)*g<k7, Ez’ =1+ A 623
then
(63)
and
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Equipped with these formulae, we see that equations (55) -
(57) are formally satisfied by expressions of the form

Again a definition af>
for rﬂo,”‘,aaobz
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Comparison with the work of Miller and Ailrey.

As mentioned at the beginning of this paper, Miller has
derived relationships similar to equations (33)-(35) and
(55)-(57) for the case in which z is real. Allowing for the
difference in notation (Miller uses an auxllary variable b
defined by b=a-2 as opposed to )\:: ‘ZCOL-“ 4), and derives sets

of equations in which the unknown function is and not
fﬁ(j{)), equations (33)-(35) and (55)-(57) reduce to Miller's
equations when @=1. Miller derives explicit formulae for the
initial B!" (k‘) rather than a recursive definition of the
coefficients PﬁS and quﬁ ; nevertheless, since we have
derived expressions for ﬁg Cng: 0/!)2/3) for the purpose of
checking, we remark in passing that these expression reduce
to those of Miller when @=1.,

We now recall the work of Airey[gj . He 1s concerned
with the asymptotic series

ol 1! 2|
—7

- e + 3 T = (70)
where
.. N=A < ) ="
W, = 1) (W "““’4\)1 “ /, (71)
and writes (70) as s
(72)




By formal expansion of each term of (75) in inverse powers
of %', and regroupment, he obtains the expansion

T Airey tabulated values of the coefficients of stc 04;-)
L, o3, 1N this expression when /3 =1 and h=1. Miller
noted that tﬁe constant terms of the polynomial coefficients
which he derived for the expansion of ‘: s were the same as
Airey's numbers. We shall later see that, allowing for the
difference in notation, the coefficients of ”xiws CS“-—“Oﬂ) 0 0 «')
in (76) are in agreement with those given by (37)-(40).
At first sight this should seem to be more a cause for
bewilderment than reassurance, for the asymptotic series

(a+%)a+ %) (a+h)a+ %o+ %) (o 7%)
2:212’ 2 .4, ‘2.4

with which the Weber function may 1in some sense be associated

manifestly dces no.t reduce to (70) whenaQs= ﬁ or 3}2 When

amg it becomes

—eee (77)



(78)

(79)

In order to explain this curious agreement we must first
establish the true significance of Airey's converging factor.
We consider the asymptotic series development

(80)
which may be associated with the incomplete‘jifunction‘
We write this as
£X 7y R
ZULW:: Z%‘w'l-uhcm (81)
F=c n=0
where
‘ 1
U = (A1) a@u—’l‘)@ (atr-1)
1o (82)
mz
and the converging factor C a 18y be expanded as
) (a+in+1
Cy\ 4V 4 = <___CL_,, + ____H____? + W =l IR K, (83)
le 22-
where n is so chosen that if
/ LS. _
Z =Xe (84)
and
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then OShS"IQ
wa‘C% satisfies the differential equation

Zdln . (,Q. +n+x) Cn = -z (86)

TR T a

dz

We may change the independent variable to h, and
eliminate n form this equation by means of (85), and obtain

){Chcﬁ 4-*{ﬂiﬂéf+€§ew)4~v\jhqu252123&9

We may substitute a series development of the form Chm
=0

in (87) and obtain a recursion system among the /35 (\,{) (s 0A,.. -..)
as done earlier in this paper. The point to notice about this
system of recursions is that the functions ﬁs (‘f\)
produced via equation (87), are independent of the parameter
a, so that Airey's converging factor (75) is not only the
converging ractor for the exponential integral, but also for
the incomplete!m:functiono

But the series (78) and (79) are special cases of (80).
The only outstanding point is that the relationship between z'
and h given by (85) is exact, but that that between zz' and k,
given by (16), was derived under the assumption tha§/~'(given
by (13)) was negligible compared with H?,jBut'when a=1/2 or 3/2
/M« 1s not only negligible but zero, and so the correspondence is
complete; and the agreement referred to occurs.

It only remains to show how (37)-(40) reduces to (76) when
/M»woo Replacing 11 by the complementary argument h'=h-1 in (76)
we obtain

/

: »
AP
Ry
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iy 4 " P '3
If;, in (88), we put &= ﬁ ) Y= &d we arrive at the
coefficients (37)-(4#0), and thus again Airey's work serves, to
a certain extent, to check our own.
Singular Case

When”Z%is real and negative, @ =-1? the formalism of the

preceding two sections breaks down completely; we examine the
problem afresh.

In the case being considered, equations (33)-(35),(55)-(57)
become




- ’]9

But 1t is quite certain, at least, that equations 91} ans

(G4 ) do not serve to determine Fpoand(%ua respectlively

and since, for example PVPBQ s Prya,q  8re determined ﬁfﬁw
P’ro » 1t would appear that matters become progressively

I.et us, however, proceed upon the assumption that
everything is known on the right hand sides of equations L
and (94) except Pugg and g, , respectively. Equations (&G
and (92) give to begin'with

e AN A 4 f: 11 > K ‘];; ’
n— io winli—— w :.* ty ,,.vé! {f _ :
W, o ey ¥
00; 4 J 4 A 4
'

Eq%?tion (91) may be rearranged as
N . |

/2 Z Cg'+4><g+2>fh,ﬁi~2 7
S=0 -2

CAY 3 Towl gy
i A

’ hf‘? ';hg; i.ﬂ-%u.@ﬁf L. £,

ﬁﬁElQ%Lhmik“”25> ‘(?H”f)
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a relationship which may be used without difficulty.

Equation (94) may be rearranged to give
AL

4 . O
The coefficients of k and k in (97) and
in (99) respectively give



T

Now so far we have used the facts that r; satisfies a

differential equation and a difference equation quite seperately

and developed (k) as a polynomial and as a series of factorial

functions quite independently. Now we must use these facts in
conjunction.

Firstly

(105)

below)

Equations (101),(102),(104),(105) and (106) may thus be used to

derive Phw"ﬂ_m = C%mg)@ s and these may be substituted in (101),

(102) and (103) to give P“‘lz ) and % 5 &t

determined without computing(%%h o |
_ (150
Writing




and using (106) we have

P‘, 4,0 = qﬁ ¥~1,0= I'r

Subsequently

Fr»,«; '""{ R 2.~ r'wo }{/2 (110)
P",’i - ‘4"sz 4 PM + '2(”4'4) P"““"bo g (111)

C}ma is given by (103), and we may proceed to the next value
of r. Use of conditional statements enables the anomalous

equations (89),(90)9(92) and (93) to be brought into this
general scheme.

Checking w
Since the expressions /3

(K), whether derived as a
polynomial or as a series 6f ffactorials, represent fthe same
function, there exists the possibility of expressing one set
of coefficients in terms of the other, and this may be used as
a check. '

In the non-singular case we have the matrix equations

(112)

(113)




If the eler’?ents :Lr}i L are referred to as 'th (r,s=0,1,...)
and those in L = as 1’h$ (ry,s=0,1,...) then

(V"‘-—'-‘ 152, . .3 ‘5’:4)2}* w)"’)

"‘““4 """"'4 w/‘ - 4 o~

Lo=0; ’L’ws = q’w.,swe - 2(r-1) (me‘i,‘s (e=12,...9 s =152 .00).

Use of these formulae (as we shall see in the ALGOL
programme to be given) enables the matrix multiplications (112)
To be replaced by a system of algebraic relationships.
Application of the & -algorithm.

We have now shown how the converging factor ﬂ: may be
expressed formally as the sum of a series. But it 1s a matter
of numerical experience that in many cases a continued fraction
which may in a certain sense be associated with a given power
series converges far more rapidly than the series. We wish;
therefore, to transform the series for ‘: into such a continued
fraction. This may conveniently be done by application of the

&€ -algorithm t}] the theory of which has been described elsewhere

[}:l; it will suffice have to state that if from the initial values

<M&4J2)Wu‘@'3 {445)




(m =01, ., dy> (116)

further gquantities .
means of the relationship

€Cm) ~ (M+4) 4
= )

$ SONPER
()

then the quant ities €'Z$ are convergents of certain continued
functions, and as such provlide better estimates of .the formal

1
sum of the serieS*whose partial sums are given byﬁikan the partial
sums. The quantities e )may be displayed in the array

(Q)
<Eo ‘E&D
Ko 1 é(rf)
0 GQD ‘2 ©)
(2) 4 A €
. @ 3
o (2) {:2
(3) e’! . ¢
E% . ;
Table I.

and it can be seen that the gquantities in (117) occur at the
vertices of a lozenge in this array. The various numbers of this
array are most economically (with regard to storage space)

computed by retaining a vector?;'which at a given stage contains
the following quantities: fﬁ“’ G ’L Gcmmﬂ ’L = € (w-2) =&

y) }y % e Y M = v @
(This corresponds to what, in a table of a function and its

differences, would be a l%ngcff backwarad differences). We arrive
WA

with a new partial sum e and replace 1n succession



'h (&)
fL@ by é@ s 1’4 by @;mi o009 ‘1 by ﬁ:g s and add IiLz;&araua-,/a = Qw s
The formation of these guantities is carried out by means of
(117) and uses one working space and two auxiliary storage
locations. In certain singular cases, as occur pr example when
a term is equal to zero, the %atter procedure Iteaks down. This
difféeulty may be overcdéme by certain,singular wmles[ﬁf]@

An ALGOL Programme

We now summarise .the formalism which has been developed,
1in the form of an ALGOL programme. It must be borne in mind,
however, that application of the converging factor to an
asymptotic series is but one of a number of methods by means
of which the Weber function may be computed. Thus this programme
1s not to be regarded as any sort of fool-proof procedure Dby
means of which the Weber function may be computed for any value
of argument and parameter. It should be regarded as a basis
from which the interested reader if he so desires may, at fthe
cost of an hour or so of somebody else's typing? continue the
author's provisional inquiry into the numerical behaviour of the
converging factor.

Before giving the programme it is necessary to make a few
remarks. The algorithmic 1anguage‘[§1 in which this programme
1s written, does not immediately cater for arithmetic operations
upon complex numbers. It is therefore necessary to construct an
arsenal of procedures for doing this, and to devise a convention
which governs their use . We therefore stipulate that all complex
numbers are to be represented by arrays containing at least two
members. There is an integer i which is defined globally throughout
the block in which the complex arithmetic takes place, and all

complex numbers (eg. z, D, ) may be recognised throughout the
programme by virtue of the fact that they contain the index i

(e.g8. 2 [fl P [Rws i]) 1 takes two values, zero corresponding

to the real part (e.g. Re(z) =z [0] Re(pr S) = p[R,s O] ) and unity
9

corresponding to the imaginary part. The integer i may not,

therefore, (except in circumstances which are difficu;t to



envlisage) be used for any other purpose.

Referring to the ALGOL programme, there is a procedure
e.g. (one, other) which carries out an instruction analogous to
the operation-one:=other-for real numbers. Similarly segecq (third,
second, first) carries out an assignment similar to thifd:;second:m
first. The procedure cm(res,one,other) carries out an assignment
similar to RS :=one’X other, and cd(res, aone, other) one similar to
res:=one/other. It is however necessary to ensure that numbers
which occur in the arithmetic as real numbers are treated as
such (i.e. with their imaginary parts put equal to zero), and
for this purpose the procedure real (variable) is used. The
function of further procedures, such as mod(it), is obvious.

The input to all these procedures can either take the form of

a compleX number, or a linear combination of complex numbers

in which the coefficients are real. Further details are to be found

inl?;] o . . |

It will be recalled that f5, O@ i1s determined from ﬁaua (50

and ﬁpmg(k), thus we need only store in the machline two vectors

of coefficients, since when ﬁw ®has been computed 1ts coefficients

may be written upon the space occupied by those Of;p~2<k9

since the latter are no longer needed. But we also wish to make

the programme as comprehensible at a glance as possible. We
 nw*introduce Integers R, Rminus 1, Rminus 2 which take on

the values 0,1,0 when r is even and 1,0,1 when r is odd. In

this way the mathematical formulae and the algorithmic formulae

preserve a close similarity, and the required economy in the

use of storage space is achieved.

Having evaluated Aﬂ (k)(by a Horner process in both the cases
in which ﬁp(bis expressed as a polynomial and as a series of
factorial function) the series Z ﬁﬁ" Ck) 2‘"&‘—1 o ls summed eilther
as far as a given upper bound ﬁgﬁk, or until

(118)
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when 1t 1s assumed that the converging factor series has itself

an asymptotic character and has begun to diverge.

AU

As the Terms ?f- 2@. &Wﬂx” are produced the & -algorithm
1s_ applied immediételya It will be recalled that only the quantities
é;w wlth even suffix are of interest in the present application.
As these are produced they are mapped onto a display vector
(di [0 ’ ms)‘i,]) » and afterwards picked out and printed in a table ;
which corresponds to the € -arrays (Table I) with the columns of
odd order missing. '

W-ith these remarks in mind and the comments to guide him
the following ALGOL programme may be read'without.difficulty.

It reads, as data, a,x, and 6/ , and immediately prints out
a,X, 6/ , k and n. It then computes and prints out the terms
Ug, W,,. - , Uy —a of the asymptotic series, their partial sum, and
u_ . It then computes and prints out (real and imaginary parts
seperately) the coefficients ij3 » the coefficients Ch.,s derived
from them-by means of equation (112), the value of the polynomial
F&(FD (real part, imaginary part, modulus)i?nd of the term
‘3,,0(') ZMPM IM% 3 if condition (118) is':obeyed the term 1s added
in to the converging factor sum .. Application of the €-algorithm

to the converging factor takes place at the same time. After rP=rnmax
the numerical sum n = Z ﬁ, (k) 2 2% .y
P =0

)

the product M.NL; » and the modified sum é Uy +Un r‘;
are printed out in turn (reaipart, imaginary part, and modulus).
Next the (triangular) even column € -array resulting from the
application of the € -algorithm to the converging factor are
printed (real and imaginary parts seperately) and two further
triangular arrays which correspond to the application of the
Cransformed converging factor are also printed. The whole process
1s then repeated with the computation of SGrs -

In this way one is able to observe the numerical behaviour
Of the asymptotic series (6), the coefficients
check these; one is able to observe how rapidly the converging
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factor series converges, the effect of applying the ¢ -algorithm

to it, and the improvement which is to be obtained by applying it.
A seperate programme has been made for the singular case

in which Wq(’i) = "E%'/Z . Its construction is as above with

the exception that all the quantities involved are real, and the

computation of R’ﬁ and q,% proceeds simultaneously.



- 29 -

comment Converging factor for Weber

function of complex argums

begin integer rmes

Py we 6 St W50 o 1309

pegin real &,x,

mmlﬂu?

multiple of pi,xsquared,lambds,mi,k, theta,power of X ;

4

integer 1,r,s,n,Jd, twormax

N Wy TR 1 &

anfeng,rs,col,R,Rminl ,Rmin2,r1 ;

L

eén poiynomial,still converging,displasy converging factor alone ;

erray aux0,suxl,aux2,phi, z, zsquared, u, sum, converging factor[0:1],

pa[0:1,0 srmex, 0:1) ,betar, termr[~2:0,0:1] ,modtermy[-2:01, [0 :rmax],

check[ O :rmax, 0 :1 ] y L[O:rmex+1,0:1),81{0:1,1 :(( rme ) x(rmex+5) ) :4,0:1] 3

procedure eq(one,other) j;real one,other j;for i:=0,1 do one :=0ther ;

3

procedure seqeq(third,second,first) 3real third,second,first ;

“““““““ -* BXaiw SOk WSS SRS

v

for 1:=0,1 do third:=second:=first ;

procedure cm(res,one,other) j;real res,one,other

U 2 F P F ¥ m e SR

begin real Reone,Imone,Reother,Imother ;

1:=0 3;Recne :=one jReother:=other ;i:=1 ;Imone:=one jImother :=other ;

res =Reonelmother+ImonexReother 3i:=0 jres:=ReonexReother-Imoneimother end ;

procedure cd(res,one,other) jreal res,one,other

rl

begin reel Reone,lmone,Reother,Imother,denom ;

1l:=0 3$Reone :=one ;Reother:=other 3i:=1 jImone:=one jImother:=other ;
denom ;=ReotherxReother+ImotherxImother 3
res :=(ImonexReother-ReonexImother)/denom 3

1:=0 jres:=(ReonexReother+ImonexIimother)/denom end 3

real procedure real(veriable) jreal variable ;

real :=( if i=0 then varisble else 0.0 ) ;

real procedure mod(it) jreel it jbegin reel Reit,Imit 3

o W RN PUON FEER WK DY DU MR ey Rio A MR I Y L F WROEY oy Dt vy

1:=0 jReit:=it 3i:=1 ;Imit:=it jmod:=sqrt(ReitxReit+ImitxImit) end ;
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real procedure erg(it) jreal it jbegin real Reit,Imit ;

1:=0 s$Relteeeit $i:=1 $Imitei=it }

arg:=( if Reit>0.0 then arctan(Imit/Reit) else

sign(Imit)xl «57079 6326191}9-9.:»01:&:1( Reit/;mit) ) end 3

00 GERD et

o

procedure polar form(res,r,theta) jreal r,theta 3begin real ri , thetal 3

o W N REET o N NAD SXRL AN s SO il ik MERe N NN

r1:=r jthetal :=theta ;i:=0 jres:=rixcos(thetal) 3

1:=1 3;res:=rixsin(thetal) end ;

procedure compln(res,it) jreal res,it 3begin reel aux j

aux :=In(mod(it)) 31:=0 jres:=sux jeux:=arg(it) j;i:=1 jres:=aux end ;

procedure compexp(res,it) j;reel res,it j;begin real auxl,aux2 ;

1 :=0 sauxl :=exp(it) 3i:=1 jaux2:=it ;

res :=auxixsin(aux2) 3i:=0 jres:=auxixcos(eux2) end ;

I e "

procedure onehochother(res,one,other) jreal res,one,other j;

compexp(res,aux1{i]) end ;

"““u

procedure comprecip(res,it) jreel res,it j;begin reel Reit,Imit,denom j;

1:=0 3$Reit:=it $1:=1 j;Imit:=it jdenom:=ReitXReit+Imithdmit j;

- resg:==Imit/denom ;i:=0 ;res:=Reit/denom end ;

procedure compprint(it) jreel it 3for 1:=0,1 do print(it) 3

1 i

-

procedure druck(it) ;rea.i it j;begin compprint(it) sprint(mod(it)) end ;

procedure .printcompvect( it,J,h,k,c0l) j3velue h,k,col ;

1

VA N asop N NN o S 5D KX L Y R v Eo38 DOV NEET W N e M

1

integer J,h,k,col jreel it jbegin integer Janfang ;

for Jenfang:=h step col until k do for 1:=0,1 do begin NICR ;

WO MR R S A 2y tranl BIVE TN W0y N W SN NG BNy . W

3 4 ' " - )

for J:=Jenfeng step 1 until Jjenfeng+col-1 do if J < k then print(it) end end ;

boolean procedure even(integer) jinteger integer ;

1 -

even:=( integer=(integer:2)x2 ) ;
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rocedure addian{ons,other) jreel one,other 3

ERZ) NER OISR NGRE KR NS S st el KT ER WA

begin errey eux30:1] jem(eux3[1], one,other)

WEN DVSS  amy £ON O 3G

eq(auxi[L],enx1 [ ]l+aux3[1]) end ;

Mt MRS =N

rrocedure NT jhegin NLCR 3NICR ;TAB 3TAR 3TAB end ;3

procedure sum and display gfonverging fector 3

begin NLCR ;druck(‘betar[-?;,i]) sdruck(termr{-2,1]) 3

eq( converging factor[i] , converging factor[i]+fcemr[~2,i]) s

for s:=-2,-1 do begin eg(betar[s,i] Jbeter{s+1,1]) ;

eq( termr[s,i], termr{s+1,1]) jmodtermr[s] :=modtermr[s+1] end end ;
comment Introduction ;

g =read jxXi=read jmiltiple of pii=reed ;col :=read ;

xsqueared :=xxx §lambda:=2x(e-1) jmi:=(a~0.5)x(a=1.5) ;
n:=(entier(xsquared-lambde)) :2 ;

if n<O then begin n:=0 jk:i=xsquered-lembda end else

begin k i=xsquered-lenbde-2xn ;if k>1.0 then begin ki:=k-2.0 jn:=n+1 end end ;
NILCR ;print(e) ;print(x) jprint(mltiple of pi) sprint(n) ;print(k) 3
twormex :=2xrmex jtheta:=multiple of pix3.14159 26555 8979 3

poler form(phi{i] ,1.0,2.0x¢thets) jpoler form(z[i],x, theta) 3

eq(zsquered[i], xsquaredxphiil]) 3

comment E}ralua.tion of terms end pertial sum of asymptotic series ;
eq(sum{i],0.0) scompexp(auxi{i] ,ngquared[i}/h.ﬂ? :

onehochother{aux2a{i], z{i], reel(«a~0.5)) jem(uli],euxi(i],eux2[i]) ;

for ri=1 step 1 until n do begin NLCR jdruck(u[il) jeq(sum[i],sum[i]+u[i]) ;

o SR p NERD EUNT Min PR SN AR KN W - R Wasy W

cd(ufil,~(a+o2xr=0.5)x(a+2>x~1.5)xuli], oxrxzsquared(i]) end ;

NLCR 3NLCR sdruck(sum{i]) 3NLCR ;NLCR jdruck(u[i1]) ;
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comment Cormputetion of converging factor

polynomisgl :=true 3

G A 12T

COEFFICIENTS: eq(1[0,1],0.0) jpower of x:=2.C 3still converging:=true ;

)
eq( eonverging factor{il,0.0) 3R:=0 3

for r:=0 step T until rmex do begig_l Bminl :=R 3R:=Rmin2:=1=~Rminl 3

for si=r gatep -1 until O 4o begin

if polynomial then begin

comment Determination of polynomial coefficients 3

eq(aux1(i], (if r=0 then 2xphili] else 0)

:

N .

~(1if r=1 A 8=0 then Uxdembdexphi[i] else i1f r=1 A s=1 then 4xphi[i] else O)

e B OUIY MK B o e o N Wy ON0) Mg dmed

-(1if s<r A 8>0 then Sxsxpq[Rmin? ,8,1] else 0)

L e R NN SN Se

TR WO e ADNE Nt PRER EDER J

-(if s<r-1 then Ux(s+2)x(s+1)xpq[R,s+2,1] else O

+(1f s<r-1 then ux(lxxr-lembde=-2)

4

X(s+1)xpq[ Rminl,s+1,1i] else O)

-(if s>1 then Lxpq[Rmin2,s-2,i] else 0)

-(1f 8>0 A s<r then Lx(lambde-lbxr+L)xpq[Rmin2,s~1,1i] else O

KR popl eRnp Laee mmm* '

-=(if s<r-1 then bx(rm+2x(r=1)x(2%(r=1)=lembds) )xpq[Rmin2,s,1] else 0) ) 3

4 v .

if s<r then begin addin(2x(s+1)x(phil[i]+reel(2.0)),palR,ss+1,1]1) ;

ad.din( 2x( (phi[i)+real(1.0))xdambda+2xphi[i]-2x(phi{i]+real(2.0))),pqal[ Rminl,s,i])

end 3

if s>0 then addin(2x(phi[il+real(2.0)),pq[Ruinl,s=1,1]) ;

*H*“

cd(palR,s,1),aux1[1],(phil[i)+real(1.0))) end else begin

iﬂ [
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comment Determination of fectoriel coefficients ;

T O Qe LS

eq(aux1{1],2%((if r=C then phi{i] else 0)

-(if r=1 A s=0 then >deanbdaxphi[i] else if r=1 A s=1 then 2xphi[i] else 0)

WET 1S ey SO NS DI WA e MW M wat S W W S

_ TN O AR RGN

~(if s>1 then 2xpg{Rmin2,s-2,i1] else 0)

-(1f s<r A >0 then 2x(lbxs+lembde-2)xpql[Rming, s-1,1] else 0)

-—(__i" s<r-1 then 2x{2xsx( O%s+lambda ) +mu ) xpaql Rmin2, s ,1] else 0) ) ) 3

if s<r then begin addin(-2x(s+1)xphi[il,pq[R,s+1,1]) ;

Wik O MR :

addin(2x(kxs+lambda)x(phi{i]+real(1.0)),pq[Rminl,s,i]) end ;

if 8 < r-1 then addin(bx(s+1)x(lanbde+2xs)xphi[i] ,Pa[Rminl,s+1,1]) 3

if s>0 then eddin(2x(phi[il+real(2.0)),pq[Rminl,s=1,1]) 3

. w opw o

cd(pq[R,s,i] , BUX? [1],phi{i]+real(1.0)) end ;

eq(check[s,1],0.0) 3f[(s]:=0.0 end ¢

coefficients and conversely

eq(check({0,1],pq[R,0,1]1) ;f[1]:=1.0

- o0

s YN s W B IR Fem SN el TR KW R e e KD D L 8 F L B - B N .y g o

for s:i=1 step 1 until r do for J:i:=s step -1 untll 1 do begin

if &>1 then f[J] p=f [ J=1 J+(if polynomiel then 2xj else -2x(s=1))xf[J] ;

2 N R.- SR W S st R M W

eq( check{ 3, 1], check[J,1}1+f[JIxpalR,s,1]) end ;

NGR WIE ce

printcompvect(check|s,i],s,0,r,col) ;

1 :m( iﬁ 1‘22 then 0 else r-2 ) 3

. AN NNEY W ey T PR SN CaRd

eq(betar[r1,1],0.0) jfor s:=r step -1 until 0 do

“{:“W . JEEE Asiiey Y LI TN ol AN

eq(betar r %i] ,PalR,s,1]+( if polynomiel then k else k-2xs )xvetar[r1,i]) ;

eq(termr(r1,1],petar{r ,i]/pover of x) jmodtermr{r1] :=mod(termr(ri,i]) ;
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comment Add in converging factor term if series still converging 3

if r>2 A still converging then begin 1if

modtermr[—2] > modtermr{—1] A modtermr([—1] > modtermr(O])

then sum and display converging factor else still converging:=false end ;

RIS SETIENRIIET

comment Application of epsilon algorithm to converging factor series 3

*[r191}*l[031]) »

GQ(&‘LIJH [ i] 9 term
for s:=0 step 1 r do

begin comprecip(aux0[i],( if s=0 then termr{rl,1] else auxl [1]-1[s,1] )) ;

---------------

LT —

1f 840 then begin eq(sux0[1],aux0{1]+1[s~1,1]) jeq(1[s-1,1),eux2[1]) end ;

eq(aux2[1],aux1[1]) j;eq(auxi[i],aux0[1]) ;

if even(s) then begin rs:=(sX(twormax+2—s) ) :b+r+1 seq(daifo,rs,1],aux2[1]) ;

cm(dai[1,rs,1],ul1),aux2(1]) end ;

i1f s=r A Tleven(r) then begin rs:=((r+1 )X(twormax-r+5)):l4 ;
eq(di[O,rs,1],aux1[1]) sem(di[1,rs,1],ul[i],aux1{1]) end end ;
eq(llr,1]),aux2[1]) jeq(i[r+1,1],aux1(1]) ;

power of Xx:=2XxsquaredxXpower of x end ;

if still converging A modtermr[~1] < modtermr[-2] then

gin sum and display converging factor ;

sum and display converging factor end ;

comment Print converging factor,product of converging factor and un,

and modified sum

NT sdruck(converging factor[i]) ;cm(auxi (1),u[1], converging factor[i]) ;

NT sdruck(aux1[1]) ;NT jdruck(sum[i]+auxi[1i]) ;




...35...

_-:‘g“g}:uf Display application of epsilon algorithm to converging factor

and the corresponding modified sums

display converging factor alone:=true 3

TRIANGULAR DISPLAY: for i:=0,1 do begin

for sanfang:=0 step &xXcol until rmax+1 do begin NILCR 3

for r:=1 step 1 until rmax+l-sanfang:2 do begin NILCR ;

for s:=sanfang step e until sanfang+2X(col—=1) do if s:2<r A r<mx+1-(a.2)

then begin rs:=(axX(twormax+i—s)):4+r ;

print( if display converging factor alone then d4i[0,rs,1] else sum[1]+di[1,rs,1] )

end end end end ;

if display converging factor alone then begin

display converging factor alone:=false

;goto TRIANGULAR DISPLAY end ;

if polynomial then begin polynomial:=false ;goto COEFFICIENTS end end end
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comment, Converging factor for Weber

£ RN Ry (X0 o Y wine

mnetlon of pure imeginary argument ;

begin immgﬁg e, Twormex jrmaxi=read §twormex :=2xrmex ;

R WOITx KAy N kuns Gl BT02 BT A 0N iy Lt

223 2% IR TR AR

begin reel agk,x,xsguam@lambda,muppmrer of x,sum,u,8uxsum,rmint,
coefftorfpRmin2eminl jaux0, suxl ,aux2,Pr2,Prl1,qR1, converging factor 3

Y B R BT adh RNSX L

integer n,s,r;i,rs,sanfang, r1,ccl, R, Rminl , Rmin2, twor ;
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arrey check,f[0:twormax+3],betar, termr[~-2:0],1[0 :rmax+1],
ai[ 1 :((rmax+1)x(rmex+5)) :4],p,q[0:1,0 s twvormex+3] 3

boolean procedure even(integer) j;integer integer ;

procedure sum and displey converging factor ;

begin NLCR 3print(betear[-2]) jprint(termr[-2]) ;
converging factor:=converging factor+termr(-2] ;

for s:==2,-1 do begin beter[s] :=betar[s+1] ;termr[s] :=termr[s+1] end end ;

i=read (Xi=read jcoli=read jxsquered:=xXxX
lembda :=2.0%(a=~1.0) jmi:=(e=0.5)x(e=1.5) jn:=(entier(xsquared-lambda)) :2 ;

if n<O0 then begin n:=0 jk:=xsquered-lembda end else

1

begin k:=xsquered-lambde-2xn 31f >1.0 then begin k:=k=2.0 j;ni:=n+1 end end

NICR j;print(e) ;print(x) sprint(n) sprint(k) 3

comment Evelueaetion of terms and partisl sum of asymptotic series ;

sum:=0.0 jus=exp(xsquared/L.0)soA(-8~0.5) 3

wo

for r:=1 step 1T untll n do begin NICR sprint(u) ;sum:=sumt+u

nna rly s iy e el - M- 8 BN - RSN e - =0

wi=(e+2er=0.5)x(a+2xr=1.5)xu/ ( 2axxsquared) end ;

NLCR $NLCR s3print{sum) ;NLCR ;NLCR ;print(u) 3

&

»
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comment Evelustlion of converglng factor coefficlents ;

pl0,1] :=q{0,1] :=1.0 3R:=Rmin2:=1 ;Rmin?:=0 jpower of x:=2.0 }

sonverging factor:=1[0) :=0.0 j3still convergling:=true ;

for ri=1 step 1 untll rmex+l do begln Twori=2xr srminl i=r=1 3

1 .

r1:=( if r>2 then O else r-3 ) j;polynomiel :=true jeuxsum:=0.0 ;

@oafftofpl%minﬁzsmim c=mm+2 Oxrminix( 2 .03rmini-lambda) 3

COEFFICIENTS : for s:=twor+l step -1 until 3 d

begin if polynomial then begin

plR,s] t==(p[Rminl, s=2]

+2.,0x(=( if s<twor then sx(s+1)xp[R,s+1 1+( r+2xs~1)xp[Rminl,s=1]+p[ Ruin2, s=3]

pud KEER WS EBN

else 0.0 )

+( if s<twor-1 then sx(lxr-lambde-2)xp[Rminl,s]

- (lembde~bxr+li)xp[ Rmin2,s-2] else 0.0 )

-( if s<twor-2 then coefftof pRmin2sminl xp[ Rmin2,s=-1] else 0.0) ) ) /s 3

ek s S0 — ’

auxsum :=p[ R, 8] +2.0xauxsum end

else

alR, s8] :==(q{ Rminl, s=2]

-2.0x(( if s<twor then q[Rmin2,s-3] else 0.0 )

+( if s<twor-1 then sx( lembde+2xs-2)xq[ Rminl,s] .

+( Lambda+ox(2xs-3) )xqa[ Rmin2, s=2] else.0.0 )

W e

+( 1f s<twor-2 then ((s=1)x(bx(s=1)+2>Lambda)+m)xq[ Rmin2, s=1]

else 0.0 ) ) )/s end ;

Rl Sy KR W S KA R

H: polynomial then begin polynomiel :=false j;goto COEFFICIENTS end 3

oRIE e WY KT SR S AR ST TR DR ST D A e
L

i

Pros=12.0xp[R,31-2.0x(( if r>1 then 2.0x(k4.0xx-lembde-2.0)xp[Ruint, 2]

““*H

~coefftofpRmin2sminlxp Ruin2, 1 1= (lembde~kL .Oxr+k .0)xp[ Rnin2, O]

else 1.0 )

-{ r+3Yxp[Ruinl , 1] ) 3
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Prl :=2,0x%( ( gg" ™1 then coefftofpmninzsmimxp[HninE,O] elgse =lambda )

= { xer=lanmbda~2.0)xp{ Rminl ;1] ) 3

qR1 3=2.0%( lembdexy(Rmin?, 11+( 1if r~1 then muxg[Rmin2,0] else ~lembda )) ;

p{mm , 0] :=q[ Rmin? ,Q] s =( q31~5>@r2-Pr1wh.Omuxsum)/(2xrw1) s
p[R, 2] :=(Pre-p(Ruln1,0])/2.0 3p[R,1]:=k.Oxp[R, 2]+Pr +2.0%(r+1)xp[Rmln1,0] ;

Q{R, 2] 3m( "Q[ Rmint ’O]
+( 1f r > 1 then 2.0x((lembde+2.0)x(q[Rmin2,0]+2.0xq( Ruin? ,21)

TN P s SOP -

+(mu+2.0xlanbda+l ) xg[ Rmin2,1]) else =2.0))/2.0 ;

alR,1] :=qR1 3

comment Print pl{r-1,0] ;

Wl DR M WLEY sEuNY AW )

NLCR sprint(p[Rmini,0]}) 3

comment Add in converging factor term if series still converglng ;

betar{rl] :=0.0 3

for s:i=twor-1 step -1 until O do betar[r1] :=kxbetar{r1]+p[ Rnini ,S] 3

Py PN MR e B ] Wy oes3 BN e W

termr[r1] :=betar[r1]/pover of x ;

Ky Rdn AW e Wl N

if r~2 A still converging then begin

1f ebs(termr{-2]) > ebs(termr[~-1]) A ebs(termr[-1]) > ebs(termr[0]) then

Ep SN WD AN

sum and display converging fector else still converging:=felse end ;

comment Print Converging factor coefficients ;

| R oD DI SR 5P

polynomigl :=true 3

IRy T IR S

COEFFT PRINT: NILCR jfor s:=0 step ' until twor+l do begin

R F wilhth EY Wl an GIN AR PR Kl AN LT

K W SR a0

1f (s:zol)xcol=s then NLCR ;

{f s=0 then TAB else print( if polyncmiel then p[R,s] else q[R,s] ) end ;

WY WIEN SNEE W ars BN WS ol N A3 SN T SN N S

r

if polynomiel then begin polynomiel :=felse jgoto CUEFFL PRINT end 3

S I TR e o W A seme A N N W
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coefficients and conversely 3

polynomial :=true 3

CHECK: for s:=1 step 1 until twor+l do f[s] :=check[s]:=0.0 ;

for s =1 steE T until tvor+l do for 1 :=s step -1 until 1 do 'begig

if s>1 then f[i]:=f{1=-1]+( if polynomial then -2x¢(s-1) else d )xf[i] ;

check[i] :=check[1]+f[1]x( if polynomiel then q[R,s] else plR,s] ) end ;

NLCR 3for s:=0 step 1 until twor+l do begin if (s _gcol)xcolms then NLCR 3

SEx SR w8 P e W NS N MSON e sos St g — g SN Y MR U W88 MmN

*

if s8=0 then TAB else print(check[s]) end ;

1f polynomisl then begin polynomiel ;=false ; goto CHECK end 3

W W NI e .. -  F N RN N LI

auxl :=termr[r1]+1[{0] ;

for s8:=0 steg 1T until r~1 4o beg}_x_}

aux0:=1.0/( if s=0 then termr[r1] else sux1-1[0] ) ;

N RO N A Y

1f s$0 then begin aux0:=aux0+l[s=1] 31[s~1] :=aux2 end ;

WIS SR U D A WAEM ach EIEN TR _“lﬂl

aux2 i=guxl seuxl :=aux0 ;

if even(s) then di[(sx(twormex+2-s)) :l+r] i=eux2 ;

if s=r-1 A even(r) then di[(rx(twormex-r+6)) :4] :=aux1 end ;

g RN Cae “-{“

1[r=1] :=aux2 31[r] :=auxl jpower of x:=2.0xxsquaredxpower of X ;

Rminl :=R jR:=Rmin2:=1=«Rminl end 3

if still converging A ebs(termr[-1]) < aebs(termr{-2]) then

begin sum end displey converging factor ;

sum and display converging factor end ;
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menent Print converging factor,product of converging factor and un,

48
W MO gy et

arnd modified sum ;

factor

¢

NI.CR 3NLCR sorint(converging factor) paux0:~uxconverging

NICR ;NLCR jprint(aux0) ;NLCR 3NLCR j;print(sumteux0d) 3

comment Displey application of epsilon algorithm to converging factor

Ky SHOS SENN SEI G ua M

and the corresponding modified sums 3

aispley converging factor alone:=true j;

TRI ANGULAR DISPLAY: for senfeng:=0 step 2xcol until rmex+1 do begin NLCR 3

KNG R Beam X SO SN R SN I NS SR g Dy VAN W

foxr ri:=1 gtep 1 until rmex+l-senfeng:2 do begin NLCR j

for s:=sanfeng step 2 until senfang+2x(col=1) do if

( s:22<r)A(r< rmex+i=-(s32) ) then begin rs :=( sx( twvormex+i=s) ) sl+r ;

print( if displey converging factor alone then di[rs] else sum+tuxdi[rs] )

2 AR Bl e (F- W -TR R

end end end ;

N NN R o W e TN Sun

1¥f displey converging factor alone then begin

di spley converging factor slone:=false jgoto TRIANGULAR DISPLAY end

end end



Numerical Results

The Non-singular Case
Some numerical results which have been produced by means
of the preceding ALGOL programmes are summarised in the following
tables which relate to the choice of argument
2=3.5¢2 W /4, 2.0.0 (i.e. n=T,k=0.25)
Table I gives the terms (real part, imagwary part and
moduluws) and the partial sum of the asymptotic series «5)
v Re(ﬁwﬁ lwﬁ&&f) ‘“wl
O -0,50845 2329 + 0.16489 5465 0.53452 2484
1 -0,00504 7820 - 0.01556 4867 0.01636 2933
2 +0.00277 9441 - 0.00090 1396 0.,00292 1952
3 +0.00030 3531 + 0.00093 5934 0.00098 3923
4 -0.00046 5579 + 0.00015 0991 0.00048 945
5 -0.00009 9531 - 0.00030 6902 0.00032 2638
6 +0.00025 2098 - 0.00008 1758 0.00026 5024

0190 + 0.14912 7467 0.53205 6696

740.00008 O4L4T + 0.00024% 8056 0.00026 0775

Table I

Tables II and III give the polynomial coefficlents th
and factorial coefficients

5 respectively



.S 0 1 > % 5
+ 1.0
O 1.01
- 2.0 + 2.0
1 2,01 + 0.01
+ 1.0 - 12.0 + 2.0
2 4 12,04 + 0.00 - 2.0i
+ 60.0 + T6.0 - 24,0 + 0.0
> 98.01 + 38.01 + 24,01 - 4.01%
-1175.5 + 480.0 + 336.0 - 0.0 - 4,0
¥ 4o747.51 - 872.01 - 170.01 +80.01 - k.01
Table 11
S O 1 2 3 l
+ 1.0
O + 1.01
~ 2.0 + 2.0
1 2.01 + 0.01
+ 1.0 - 8.0 + 2.0
2 + 12.01 ~ h,01 - 2,01
+ 60.0 + 28.0 - 24,0 0.0
3 _ 98.04 + T0.0L + . 0.01 - k.01
1175 .5 + 160.0 + 224.0 -48.0 - 4,0
Y 7n7 .51 - 924,01 + 198.01 +32.01 - 4,01
Table 111

Table IV glves thehv4aluegs of the coefflcients ﬂp (k)
- - - g
and the terms ﬁ‘. (‘() 2 X , the numerical sum of the

conver;ing factors series, tThe productu.nc.,. and the modified
Y\ -

=0




% { ﬁp(k)') J’MSUB’G(X S [3 (\Q Eei F 44 m-} Iw.{ oF 4.2 |
+1.0 1 414244 40: 5 0. 707107
-1.5 2.5 ~0+030b12 0051020
1,375 +’l’| .0 120221 Q001 5672 0010 014

£T7.5  -%7.0k25 Me.580  40-.002635 -0.002960  0- 003963

127452 +520.49 BJb.5e  -0.0017€) +0-0c07R2  0-001910
C, 104392 +0.46837  0:&1520

Mol —0:0000/BCT +0.000153817 O 000172508

Z Uy + W Cn - O-SNOBOBZET +0- 419281234 0:832174791

Table IV

Tables V and VI give the real and imaginary parts
respectively of those modified sums which are to be derived
by applying the € -algorithm to the converging factor series,
and using the members of the resulting even column €-array as
approximations to the converging factor

w S 0 2 Y

1 -0.51081 3995 -0.51080 6941

2 . 51080 6332 .51080 8523 -0.51080 8194
3 . 51080 8912 51080 8171 -0.51080 8220
!
g

,51080 7966 -0.51080 8223
-0-51080 8237

Table V
S 0 2 .
+ 0. 14929 1718 + 0.14928 1499
. 14928 0841 4928 1472 +0.14928 1461
14928 1250 14028 1442 +0.14928 1440
. 14028 1665 + 0.14928 1438
+ 0. 14928 1284

4

oo a3

Table VI
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The value of S«’i Ca SZ) computed by means of the asymptotic
series and converging factor may be checked by use of the

An ALGOL programme which computes the function 34 (Q» ;"Z)

by means of ;:r;le series (119) 1s given in [6:1 . When A =0

and Z = 3*56& s the correct value of 34 (CU;“Z)
computed by means of formula (119) is
- 0.51080 8214 + 10.14928 1449,

In Tables VII and VIII respectively are given the bol NALVALL il
;im“fw:mla ~ coefficients R, < and Qm < when 6 =0 and o= . R B
It will be noticed that tl':e constant terms + 4 Maas ‘i, ) 4.) + 4 )“““43} *
are id.entical with a sequence of numbers computed by Airey
and mentioned by Miller

+ 1
— 1 + 1
+ 1 —~ 3+ 1
+ 1 + T - 6 + 1
5 + 25 - 10 + 1

O

1

2

j _

4y - 13 - .
5 + 47 - 8% - 60 + 65 - 15 -+ 1

& + T3 + 637 - 203 -~ 280 + 140 - 219 + 2

7 <2447 - 1425 4+ 3I710 + 77 - 910 + 266 - 28 + 1

8 +16811 - 22341 - 21347 4+ 13146 + 2667 -2394 + 462 -36 + 1

Table VII



r® O 1 2 b b 5 6 7 8
O + 1

1 - 1 + 1

2 + 1 - 1 + 1

3+ 1 - 1 0O + 1

b - 12 + 13 - 7 + 2+ 1

5 + 47 - 47 4+ 30 - 15 + B + A

6 + 5 - 735 + 135 + 20 - 20 + 9 + A

T - 2447 - 2447 -1260 + 413 - T0 - 14 + 14 + 1

8 +16811 - 16811 +9629 -L40T4 +1323 -294 + 14 + 20 +

Table VIII

Numerical experiments indicate that the rate of convergence
of the converging factor series is not greatly influenced by the
value of a. This is illustrated in Table IX which gives the

values of l /30 (0*‘25” and a’» e.. 'when a)g(z)zt,é:p and a=0,%5, and 3.0

a ‘ﬁ%ﬂbﬂ&ﬁl {ﬁ4652§”
O 1.41421 1376.56
1.5 1.41421  1403.36
3.0 1.41421  1378.71

Table 1IX

Tn contrast with this, the effect of ¢..~ upon the rate
of convergence of the converging factor series appears to be very
great; the rate of convergence decreases markedly as C'M‘g (’Z:)
increases from Q0 to *n'/2 . This is illustrated in Table X which
) when

gives the values of
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ang@) lﬁgﬁbﬂﬁﬁl !ﬂ&(?hzsvl
0 1.0 73.12109
1,08239 131.64265
1.41421  1%76.55506
3r/8 2.6131% 51129.210

Table X

The Singular Case

The numerical results produced by the preceding ALGOL
programmes for the case in which the argument 1s pure
imaginary may be illustrated by the following Tables which

relate to the case QU= O.ﬁ 1%4“5’{'; y\aA/i, kmO-QSu

Table XI gives the terms and partial sum of the
asymptotic series

3638
6364
8373
4854
3266
4179
0965
7718
hr721
9192
D725

5994

2163

Table XI
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Tables X1II and XIII give the polynomial and factorial

coefficients P“bs and C}%

g P O

respectively

O - 0.6666 6667 - 1.2629 6296 + 12,0902 9982 - 113

+ 1.0

1
2
3
X
5
6
7

Yo Q

O Ul & OV NV D> O

- 1.3333 33233 -
+ 1.3333.2333 -
- 0.3335.3333 +

Table XII

- 0.6666 6667 - 1.2629 6296 + 12,0902 9982
+ 1.0 O
- 0.6666 6667 + 1.3814 8148
- 0.33%3 3333 4+ 00,8888 8889
+ 0.6666 6667
+ 0.0666 6667

- 100

Table XIII

23,0518 5185
1.2851 8519
2.2222
- 0.6666 666T
+ 0.0666 6667

2222

19

0.
.5296
244N
ATTT
. 0095

O O =2\

O O 3 2 O O l\)

Table XIV gives the values of the coefflcients

and the terms /3,9 (k) zwm

- e

b

. THOT

30,
. 2007

6473

8864

. T4OT
. 1055

. 0451
. 8419

. 8037
2444
. 2222
. 0095

9955
5449
0547
1975
29673
IRIRIDIY
7778
2381

9955
5556
4991
7531
0370
Bany
2222
2381

B (k)

;, the numerical sum of the .

converging factor series, the product i Cw » and the modified

sum 23 @, + wn Che
=0



B.(K)

g - 0.4166 6667 - 0.2083 3333
1 - 1.5181 7130 - 0.0187 4286
2 4+ 11.2791 96 + 0.0034 3826
3 -  107.2802 4 - 0.0008 0747
Yy + 1510.9878 + 0.0002 808
5 - 27825.923 - 0.0001 2769
C,M - 0.2242 9228

0 w,, Cyy - 0.0001 1670

Pﬁ'é““"’ Uy CM +76.0507 4294

Table XIV

Table XV gives the modified sums which are to be
derived by applying the € -algorithm to the converging
factor series, and using the members of the resulting
even column € -array as approximations to the converging

factor.

w S 0 2 <4 &

1 + T76.0507 5127 + 76.0507 4154

2 76.0507 4149 76.0507 4328 + T76.0507 4328

5 76.0507 4329 76 .0507 4286 76.0507 4286 + 76.0507 4286
4 76.0507 4286 76.0507 4301 + T76.0507 4301

5 76.0507 4301 + T6.0507 4294

6 + T6.0507 4294 '

When Q=00 and =4S¢ , the modulus of expression
(119) is T76.0507 4302.

It would appear that 1in the singular case the improvement
effected by applying the & -algorithm to the converging
series is not so marked.

The effect of the parameter a upon the rate of
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convergence of the converging factor series is illustrated in
Table XVI which gives the values of |f3 4(03%)5 when
4y -f-;O) 4.5 , and 3”0.«

0  0.4166 6667 107.2802 4017
1.5  0.4166 6667 5.0140 1214
5.0 O.4166 6667 151¢9949 9748

T&bﬂo@ ”ﬁ&a

QHT ecT biﬁf non-zevoy A
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